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Abstract 

We can write the polynomial solution of the second order linear differential equation 
of hypergeometric-type 

<f>(x)y" + ip(x)y' + Xy = 0, 

where 4> an d ip are polynomials, deg^> < 2, deg^ = 1 and A is a constant, among 
others, by using the Rodrigues operator Rk(<f>,u) (see [3]) where u is certain linear 
operator which satisfies the distributional equation 

A[ 0u]=Vm , (1) 

as 

P n (x) =5 nJ R n (0,u)[l], B n ^0, n = 0,1,2,... 

Taking this into account we construct the complementary polynomials. Among the 
key results is a generating functional function in closed form leading to derivations 
of recursion relations and addition theorem. The complementary polynomials satisfy 
a hypergeometric-type differential equation themselves, have a three-term recursion 
among others and Rodrigues formulas. 
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1 Introduction 



In this papei0 we will consider the polynomial solutions, P n , of the second order linear 
differential equation of hypergeometric-type [9] 

(j){x)P^x) + ^{x)P' n {x) + X n P n (x) = 0, (2) 

where <fi and ip are polynomials, deg <fi < 2, degip < 1, and 

ft 

X n = -nijj - -(n - 1) <j>" t n = 0,1,2,... 

In fact, it is well-known that such family of polynomials satisfies a property of orthogo- 
nality, i.e. 

(u, P n P m ) = r n 8 n ,m, r n ^ 0, n, m = 0, 1, 2, . . . 

where 5 n ^ m is the Kronecker's symbol and the linear functional u satisfies the distributional 
equation 

^[0u] = iju. (3) 

Taking this into account is possible to writhe such polynomials trough the following 
Rodrigues functional formula: 

d n 

P n u = B n — [u n ], B n ^0, n = 0,1,2,... (4) 

ax n 

where u := u, u^ := (f>Uk-i, k = 1, 2, 3, 

Remark 1.1 Note that although is possible to find an integral representation for the linear 
functional u, since the polynomial solutions of such differential equation are the classical 
orthogonal polynomials (COP) J3/, is important to take into account that the technique 
presented in this manuscript can be generalized to the semiclassical orthogonal polynomials 
where such integral representation is not known for each semiclassical functional (see, for 
example, JMEj). 

Our first goal is to construct complementary polynomials for them by using their Ro- 
drigues functional representation, Eq. (j3J), in a simple and natural way. The generating 
functional function of these complementary polynomials is obtained in closed form. 

The paper is organized as follows. In the next section we introduce some notations and 
definitions useful for the next sections. In section 3 we construct the complementary 
polynomials. In Section 4 we establish their generating functional function. The second 
order linear differential equation associated to the complementary polynomials is derived 
in Section 5. 



Note that this paper is a natural extension of [TU] in terms of linear functionals. 
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2 Preliminaries 



In this section we will give a brief survey of the operational calculus that we will use in 
the rest of the paper. 

Let P be the linear space of polynomial functions in C (in the following we will refer to 
them as polynomials) with complex coefficients and P' be its algebraic dual space, i.e., P' 
is the linear space of all linear applications u : P — > C. In the following we will call the 
elements of P' as functionals. 

Let {P n } n >o be a sequence of polynomials such that degP < n for all n > 0. A sequence 
defined in this way is said to be a basis or a basis sequence of P if and only if degP n = n 
for all n > 0. Since the elements of P' are linear functionals, it is possible to determine 
them from their actions on a given basis {P n } n >o of P. 

In general, we will represent the action of a functional over a polynomial by 

(u,P), ueP', PgP. 

Therefore, a functional is completely determined by a sequence of complex numbers u n : = 
(u, x n ), n > 0, the so-called moments of the functional. 

Definition 2.1 Let u G P' be a functional. We say that u is a quasi- definite (or regular) 
functional if and only if there exists a polynomial sequence {P n } n >o, which is orthogonal 
with respect to u. 

Let us define the following operations in P'. For any polynomial h and any c G C, let 
u' := ^u, hu, and (x — c) _1 u be the linear functionals defined on P by (see [51H] ) 

(1) (u',P):=-(u,P'), PGP, 

(2) (Qu,P) := (u,QP), P, QGP, 

(3) <(x- C )-iu,P):=(u,e c (P)>, PGP, where^ c (P)(x) = ^5f M . 
Furthermore, for any linear functional u and any polynomial P we get 

^[Pu] := (Pu)' = Pu' + g'u. (5) 



3 Complementary Polynomials 



Before to introduce such polynomials let us introduce the Rodrigues operator. 

Definition 3.1 Given a polynomial <j) and a linear functional u, such that there exists a 
polynomial ip in such a way 
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We define the k-th Rodrigues operator associated with the pair (<p, u), as: 

i2o(0,u) := /, 
Ri(<p, u)[p] = g where — [pui] = gu, 

u) := u) o R k -i(4>, ui), fe = 2, 3, . . . 

where I represents the identity operator. 

The pair (0, u) satisfying the above condition we will call classical pair. 
The following results are related with the Rodrigues operator. 

Lemma 3.1 [3, Lemma 4-2] Let ((f), u) be a classical pair, then for any positive integer k 
and any polynomial n, the function 

Ri((f), u k )[n] 

is a polynomial of degree deg(7r) + 1 with leading coefficient: 



m + 2k 



7^0, k = 0,1,2,..., m = deg7r. 



Remark 3.1 In the sequel we will denote by M kj i the k-th Rodrigues operator associated 
with the pair (<f>, u k ), R k ((f),ui), and ffl k := &k,i- 

Let us now introduce the complementary polynomials, & v (x;n), defining them in terms 
of the Rodrigues operator. 

Definition 3.2 Let n, v be two integers, with < v < n, the complementary polynomial 
of degree v with respect to the P n is defined as 

P n {x) = B n ® n „ v \& v (x; n)\, B n ^ 0. (6) 

Remark 3.2 Note these polynomials for v = 1 are considered by M. Alfaro and R. 
Alvarez- Nodarse in More generally, is easy to check that £P n _ u (x;n) is, up to a con- 
stant, the v-th derivative of P n , i.e. P^\x) (see e.g. Lemma 3.3]). 

Taking into account this remark and the theory of COP, the following result holds. 

Lemma 3.2 & v (x;n) is a polynomial of degree v that satisfies the recursive differential 
equation: 

& v+1 (x;n) = ${x) d ^ v{ ^ n) + ty(x) + (n-u- l)(f>'(x)) & v (x; n). (7) 
By the Rodrigues functional formula (j3J), &o(x]n) = 1. 

Proof: Equations and (JTj) follow by induction. Case v = 1 is derived by carrying out 
explicitly the innermost differentiation in Eq. (j3J), which is a natural way of working with 
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the Rodrigues functional formula (TjJ that yields 

fin— l J jn— 1 

showing, taking into account (j3J)), that 

P n (x) = B n St n - X [{n - l)0'(x) + ^{x% 

therefore 

^i(x;n) = (n- l)^'(x) (9) 

Assuming the validity of the Rodrigues functional formula (jSJ) for z/ we carry out another 
differentiation in Eq. (jSJ) obtaining 



/,n-^-l u 



cf 1 - 


v-1 






""(a; 


)&v 




u-1 


1 dx n 


-u-1 




u-1 



(10) 



Comparing the right hand side of Eq. (Q proves Eq. (JBJ) by induction along with the 
recursive differential equation (DE) (JTj). □ 

In terms of a generalized Rodrigues functional representation we have 

Theorem 3.1 The polynomials £? v {x\n) satisfy the Rodrigues functional formulas 

d u 

& v (x]n)u n - v =—[u n ] ^ &' v (x;n)=& v , n - v [l], (11) 
d v ~^ 

&> u (x;n)u n „ u = — -[^{x;n)u n ^} ^ &> u (x;n) = M v ^ n ^ o M^^l]. (12) 

Note that the proof of this result is straightforward taking into account the hypergeometric 
character of the DE (T5]) and Lemma 3.3 in [3]. 



4 generating functional Function 



Definition 4.1 The generating functional function for the polynomials & u (x\n) is 

oo V 

^{y,x;n) = Y.—^u{x\n). (13) 

The series converges for \y\ < e for some e > and can be summed in closed form if the 
generating functional function is regular at the point x. 
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Theorem 4.1 The generating functional function for the polynomials 3? v {x\n) is given 
in closed form by 

^ ; „)u=(^±ip)"u, (14) 

^3>(y,x;n)u = * ( ^ W) ) " &A* + V<H*)\ (15) 
where u = exp(j/0(x) J^) o u. 

Proof: Taking into account that = (p k u, equation (JT3J) follows by multiplying the 
generatriz function by cff 1 and substituting the Rodrigues functional representation, Eq. 
f TTTj) in Eq. which yields 



i B (x)^(j/, x; n)u = £»(y, x; n)u n = £ ^(x; n)^(x)u = £ lWl JJ — [u 



converging for \y<j){x)\ < e for a suitable e > if x is a regular point of the generating 
functional function. 

In fact, at this point the series can be summed exactly, because the expression inside the 
derivatives is independent of the summation, obtaining 

cP n (x)^(y, x; n)u = exp(#(x)^)[0"(x)u] = n (x + #(x))u, (16) 

and therefore 

. / Six 

<(>{x) 



tat \ ( 0( x + y<f>(x))Y ~ 

3*(y,x;n)u= \ —— u. (17) 



Differentiating Eq. ffT3l) and substituting the generalized Rodrigues functional formula 
( I12p in this yields Eq. f|T5|) similarly. □ 

Remark 4.1 Note that if the linear u admits an integral representation as 

(u,P}= [ P(z)p(z)dz, 
Jn 

where Q is certain contour in the complex plane, then we can rewrite ( fTTl) as 

( 4>(x + y<p(x))\ n p(x + y4>(x) 



&(y, x; n) 



</>(x) J p(x) 



Since we are going to consider recurrence relations we are going to translate the case 
H = 1 of Eq. (115p into partial differential equations (PDEs). 



Theorem 4.2 The generating functional function satisfies the PDEs 

(1 + #'(x) + | y VV(x))^|^ = [^(x; n) + #(x)^(x; ra)]^(y, x; n), (19) 
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d£P(y, X] n) 
dy 



[(n — l)4>'(x + y4>(x)) + ip(x + y(f>(x))]&(y, x; n — 1) 



(20) 




(21) 



<t>{x) 



d&(y, x] n) 
dx 



= (1 + y<j>'(x))[^{x) + (n - l)0'(ar) + y<j){x){f + (n - 1)0")] 
x ^(y, x; n — 1) — [^(x) + (n — l)4>'(x)}^(y, x; n). 



(22) 



Proof: From Eq. (|15|) for \i — 1 in conjunction with Eq. f[T^|) and taking into account 
that u is regular we obtain 



U \y •> X] Tl) i 

4>{x + ycf)(x)) — ■ — ■ — = <j)(x)[i(}(x + y<j)(x)) + (n — l)<f)'(x + y4>(x))]£P(y, x; n). (23) 



since and ip are polynomials of degree, at most, 2 and 1, respectively, we verify Eq. 
f|T9|) . Using the exponent n — 1 instead of n of the generating functional function we can 
obtain Eq. (|20l) . 

By differentiation of the generating functional function, Eq. f|T6l) . with respect to the 
variable x we find Eq. ( 1221) . Using the exponent n instead of n — 1 of the generating 
functional function in conjunction with Eq. f[2"2"l) leads to Eq. f[2"TT) where in any case we 
were assume the linear functional is regular. □ 

In fact the polynomials £? v {x] n) satisfy different recursions and other relations which are 
the same that H. J. Weber obtained in [TUj hence we will omite here. 



5 The second order linear differential equation of hypergeometric-type 
Theorem 5.1 The polynomials ^ u (x; n) satisfy the Sturm- Liouville differential equation 



Substituting in Eq. (J23l) the Taylor series-type expansions 



(j){x + y(f>(x)) = (f>(x)(l + ycj>'(x) + \y 2 4>" 4>{x)) 
(t>'{x + y(t){x)) = 4> , {x) + y4>"4>{x) 1 
if)(x + y4>(x)) = vf)(x) + yifj'(x)(f)(x), 



(24) 




(25) 
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which is equivalent to, assuming u is regular, 



<t>{x) 



d 2 ^ u (x] n) 
dx 2 



+ [{n-v)(j)'{x) +ip(x)] 



dS? v {x\ n) 



dx 



(26) 



and the eigenvalues are given by 



i/ = 0,l,.... 



(27) 



Taking into account the hypergeometric character of the DE (DO), and Theorem 13.11 this 
result is very well-known and straightforward. 



6 Conclusions 

We have used a natural way of working with the Rodrigues operator and the Rodrigues 
functional formula of a given set polynomials solutions of the second order differential 
equation ([T]) which leads to a set of closely related complementary polynomials that satisfy 
their own Rodrigues formulas, always have a generating functional function that can be 
summed in closed form leading to numerous recursion relations and addition theorems. 

Furthermore, since the differential equation ([1]) is of hypergeometric-type, the comple- 
mentary polynomials satisfy a second order linear differential equation similar to that of 
the original polynomials. 

In fact, it is a straightforward calculation to verify that this method generates all the 
basics of the COP, A-classical OP, and ^-polynomials (see, for example, [3], [7], [8] and 
references therein). 

Moreover this method, considered in a similar way by H. J. Weber, is not restricted to 
the COP and can be applied to semiclassical orthogonal polynomials. 
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